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Abstract: This paper presents a meta-heuristic optimization algorithm, Tabu Search (TS), 

and describes how it can be used to solve a wide variety of chemical engineering 

problems. Modifications to the original algorithm and constraint handling techniques are 

described and integrated to extend its applicability. All components of TS are described in 

detail. Initial values for each key parameter of TS are provided. In addition, guidelines for 

adjusting these parameters are provided to relieve a significant amount of time-

consuming trial-and-error experiments that are typically required with stochastic 

optimization. Several small NLP and MINLP test cases and three small- to middle- scale 

chemical process synthesis problems demonstrate the feasibility and effectiveness of the 

techniques with recommended parameters. 

1. Introduction 

 Tabu Search (TS) is a memory-based stochastic optimization strategy (Glover, 

1986). Although TS has previously been applied to a number of optimization problems, 

including traveling salesman problems (TSP) (Gendreau et al., 1998), the global 

optimization of Artificial Neural Networks (ANNs) (Sexton et al., 1998) and 
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telecommunication networks (Costamagna et al., 1998). TS is just beginning to see 

application to the chemical industry, with recent work report by Wang et al. (1999), Lin 

and Miller (2000, 2001), and Teh and Rangaiah (2003). The objective of this paper is to 

describe our extensions to the algorithm, demonstrate the effectiveness of our TS and 

provide guidelines for using it to solve other chemical process optimization problems. 

 Most optimization problems in the chemical industry are nonlinear in either the 

objective function or constraints, resulting in Nonlinear Programming (NLP) models. In 

addition, problems in plant design and scheduling often involve both continuous and 

discrete variables, resulting in Mixed-Integer Linear/Non-linear Programming 

(MILP/MINLP) problems. This paper employs both NLP and MINLP test cases to 

demonstrate the applicability of TS to chemical engineering optimization problems. 

 Both deterministic (Kocis and Grossmann, 1988; Floudas and Ciric, 1989; 

Grossmann, 1989; Epperly and Swaney, 1996; Adjiman et al., 1997; Dua and 

Pistikopoulos, 1998; Vaidyanathan and El-Halwagi, 1994; Adjiman et al., 2000) and 

stochastic approaches (Luus and Jaakola, 1973; Holland, 1975; Kirkpatrick et al., 1983; 

Glover, 1986; Kocis and Grossmann, 1988; Athier et al., 1997; Krothapally and Palanki, 

1997; Lewin, 1998; Jayaraman et al., 2000; Nascimento and Giudici, 2000; Yu et al., 

2000) have been developed to address chemical engineering optimization problems. 

Although deterministic approaches guarantee the global optimality of the final solution, 

they require specific formulations. On the other hand, stochastic algorithms cannot 

guarantee global optimality, but they can be readily applied to many optimization 

problems. With appropriate parameters, they have a high probability of locating the 

globally optimal solution. Most of these existing stochastic approaches are only suitable 
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for solving small to medium scale problems (Pörn et al., 1999). By considering historical 

information during the search process, TS has been reported to have a more flexible and 

effective search behavior than other stochastic methods (Glover, 1986). Thus, we have 

investigated how TS could be used to solve chemical engineering optimization problems. 

This paper describes details of the implementation of the TS algorithm including several 

extensions. Recommendations for setting the various parameters are described, and their 

effectiveness is demonstrated using several small NLP and MINLP test cases and three 

small- to middle- scale chemical process synthesis problems.  

 This paper is organized as follows. In section 2, the overall approach of TS is 

described using a simple, 2-dimensional example. The adjustable parameters of the 

algorithm are discussed in section 3. Section 4 presents a comparison of three constraint 

handling techniques for TS and introduces the numerical substitution approach. Section 5 

discusses the results obtained using the recommended parameter values with several 

small test cases, followed by 3 chemical process examples: heat exchanger network 

(HEN) synthesis, pump system configuration, and the 10sp1 HEN problem. Conclusions 

are drawn in the final section. 

2. Tabu Search Algorithm 

 TS is a meta-heuristic approach that guides a neighborhood search procedure to 

explore the solution space in a way that facilitates escaping from local optima. Figure 1 

shows a schematic of the algorithm. TS starts from an initial randomly generated 

solution. A set of neighbor solutions, )(xN , are constructed by modifying the current 

solution, x . The best one among them, x′ , is selected as the new starting point, and the 

next iteration begins. Memory, implemented with tabu lists, is employed to escape from 
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locally optimal solutions and to prevent cycling. At each iteration, the tabu lists are 

updated to keep track of the search process. This memory allows the algorithm to adapt to 

the current status of the search, so as to ensure that the entire search space is adequately 

explored and to recognize when the search has become stuck in a local region. 

Intensification strategies are employed to search promising areas more thoroughly, while 

at the same time diversification strategies are employed to broadly search the entire 

feasible region, thus helping to avoid becoming stuck in local optima. Finally, aspiration 

criteria are employed to override the tabu lists in certain cases. The details of each of the 

elements will be discussed below.  

2.1 Neighborhood search 

 TS explores the search space of feasible solutions by a sequence of moves (Glover 

and Laguna, 1997). A move is an operation that changes the current solution to another 

solution. The 2 dimensional Shekel function (Androulakis and Venkatasubramanian, 

1991) provides a useful example to illustrate the operation of the TS algorithm. To show 

the process clearly, only 4 neighbor solutions are generated at each iteration. TS starts 

with an initial solution, A0, at [ ]21.4,82.0 . The initial objective function value, f(x, y), is 

initialized with a large value, 106. Figure 2 shows a neighbor solution being determined 

from the current solution (at the point, A0) by the following two steps:  

1. A random change that is the product of a random number (between -1 and 1) 

and the magnitude of the search space along the X dimension, X∆ , is added to 

the current solution. To ensure that the move does not cause the point to lie 

outside of the specified bounds for this dimension, a check is performed. If the 
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move would exceed the bounds, the move is altered, so that it is either on the 

bound or remains at the location of the current solution. 

2. A similar random change, Y∆ , is then added for the Y dimension. 

 In this way, a neighbor solution, A1, is determined. Similarly, a set of other 

neighbor solutions, A2 ~ A4, can be generated. Among them, the best neighbor, 

[ ]22.3,50.5 , with an objective function value of 74.1− , is taken as the starting point for 

the next iteration. 

 Four neighbors are generated at the second step (see Figure 3). The best neighbor 

(B3) at [ ]23.2,30.4  has an objective function value of 10.1− , which is not as good as 

the best solution ( 74.1− ). Therefore, no improvement is achieved in this step. The area 

around the best neighbor is not attractive; thus, it will be classified as a tabu solution and 

stored in the tabu list. The second best neighbor is then used as the starting point for 

generating a new set of neighbors unless that point is already classified as tabu. In that 

case, a new set of neighbors is again generated from the current solution (B0). 

 A particular advantage of this neighbor generation strategy is that some 

constraints can be met directly when generating new solutions. This can be achieved by 

directly solving equality constraints for certain variables. This approach is discussed in 

detail in section 2.6. For problems that support this approach, this can result in significant 

improvement to the calculation speed. 

2.2 Tabu lists 

 When best neighbor is not better than the current solution, it is classified as tabu 

and added to a recency-based tabu list. The tabu property remains active throughout a 

time period, called the tabu tenure. As new solutions are added to the tabu list, older 
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solutions will be released from the bottom. Thus, the recency-based tabu list stores the 

most recently visited solutions and forbids revisiting unpromising solutions for a 

specified number of iterations. In continuous space, the probability of visiting the same 

solution twice is very small. Although tabu lists only record specific solutions, the areas 

surrounding each of them are classified as tabu (as shown in Figure 3). The tabu area is 

empirically classified as 20% of the search range (centered at the current solution) along 

each dimension.  

 The recency-based tabu list records solutions for a short time period; it is often 

called the short-term memory. Long-term memory is dependent on the frequency that a 

solution has been visited. As shown in Figure 4, areas I and II cover more solutions than 

other parts of the search space. Thus, these two areas will be added to the frequency-

based tabu list, which records solutions that have been searched around most often. The 

location of these frequecy-based tabu regions are defined by the best neighbor solutions 

as they are determined. Once the maximum number of elements in the frequency-based 

tabu list has been attained, the solution with the smallest frequency index will be 

replaced.  

 Long-term memory contains more information about the search process and 

complements short-term memory in selecting future moves. It enables TS to define a 

region that is historically attractive and deserves to be explored better. In addition, it 

allows the algorithm to determine whether the search process has become stuck in a 

specific area, and direct the search to unvisited areas or regions visited less frequently. 

For example, a restart mechanism can be utilized to help TS avoid being trapped in local 
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optima. In this way, the restart operation is not “blind”, instead it is guided by the search 

history (Glover and Laguna, 1997). 

 Neither recency-based nor frequency-based tabu lists are a complete record of 

previously visited solutions. They only record part of search process and are updated 

continuously. Thus, TS makes decisions for future searches based on up-to-date 

information. The use of an adaptive memory enables TS to “learn” and creates a more 

flexible and effective search strategy than “memoryless” methods, such as simulated 

annealing (SA) and Genetic Algorithms (GA). 

2.3 Aspiration criterion 

 While the search is proceeding, several parts of the search space are classified as 

tabu according to either recency or frequency information (see Figure 5). In some cases, 

the best neighbor solution may appear in a tabu area. If so, the aspiration criterion will be 

checked to determine whether the best neighbor should be accepted despite being in a 

tabu area. For example, if the best neighbor solution has a better objective function value 

than the best solution ever seen (i.e. the point A in Figure 5), its tabu property can be 

invalidated by the improved-best aspiration criterion (Glover and Laguna, 1997). When 

the best neighbor solution is at the point B, which is not as good as the best solution so 

far, it cannot be accepted as the starting point for the next iteration. Instead, the best non-

tabu neighbor is used. The appropriate use of such criteria can be very important for TS 

to achieve its best performance.  

We have designed an additional aspiration criterion which achieves a balance 

between intensified and diversified search. The aspiration criterion is based on a sigmoid 

function:  
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where k  is the current iteration number and centerk  determines at which point, 5.0)( =ks . A 

random number, 1P0 ≤≤ , is generated from a uniform distribution at each iteration. If P  

is greater than )(ks , the tabu property is active and the best non-tabu neighbor is used as 

a new starting point; if P  is less than or equal to )(ks , the aspiration criterion overrides 

the tabu property. Thus, a restart operation (resulting from a frequency-based tabu list) 

will be canceled, or a neighbor solution which would otherwise be tabu (because of a 

recency-based tabu list) will be used to generate the new neighbor solutions. At the early 

stages of the search, it is difficult to override the tabu lists; as the search proceeds, it 

becomes easier to override the tabu lists, allowing a more intense search of a given area. 

2.4 Intensification and diversification 

 Generally, neighbor solutions are generated randomly inside the neighborhood 

area by applying neighbor-generating operators (Randall and Abramson, 1999). If no 

specific information about the neighborhood structure is available, random generation is a 

good choice; however, the incorporation of historical information enables TS to discern 

attractive areas, which makes it possible to devise more effective approaches for 

generating neighbors. Moreover, to find a solution within a reasonable time, the number 

of neighbors must be limited. Since neighbors at each iteration determine solutions that 

TS visits, effective neighbor generation is crucial to the performance of TS. Below, we 

describe our approach of combining intensification and diversification strategies with 

neighbor generation. Based on our experiments, this approach provides a high probability 

of finding the optimal solution within a reasonable time. 
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2.4.1 Intensification Strategies 

 Intensification strategies have been commonly implemented based on long-term 

memory: a set of elite solutions are selected, whose components are used to construct 

new neighbors (Glover and Laguna, 1997; Wang et al., 1999); however, previous work 

does not provide significant insight into the effects of intensification on the distribution of 

neighbor solutions. The following two enhancements are incorporated: modifying the 

distribution of the neighbor solutions for a better search around the current solution and 

gradually reducing the overall search space to improve the precision of the final solution.  

 When generating neighbor solutions, a coefficient, α , is used to control the 

difference between the current and new neighbor solutions. Thus, the change from the 

current point, X∆  and Y∆ , are multiplied by α  in the process of constructing a new 

neighbor solution (as shown in Figure 2). α  takes the format of a sine function: 

 1 * *1 sin
2 Neigh

i
N
θ πα

  
= +      

 (2) 

where i  is the index of the neighbor solution; NeighN  is the total number of neighbor 

solutions generated at each iteration; θ  is used to control the oscillation period of α .  

 Extensive experiments show that θ  does not have a significant effect on the 

quality of final solutions. θ  is taken as 4.0001 in this study (instead of an integer) to 

reduce the possibility of α  being zero, resulting in no modification of the current 

solution.  

 For a continuous formulation, generating neighbors consists of adding a random 

change along each dimension. Thus, it can be expected that more neighbors will be 

generated within areas closer to the current solution than the distant areas by applying the 
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coefficient, α . In addition, the sine function varies between 0 and 1 such that α  does not 

rule out the probability of searching in remote areas. Therefore, the sine function 

intensifies the search closer to the current solution. 

 The initial neighborhood size is always large enough to include all feasible 

solutions. Although the previous intensification strategy helps TS search attractive areas 

more thoroughly, a large search space makes it difficult for TS to find the final solution 

with high precision. Thus, we also incorporate a method of dynamically decreasing the 

search space for each variable by including a new coefficient, β , defined as: 

 ( , ) 10
n
Mn Mβ

−
=  (3) 

where M  is the total number of iterations; n  is set between 1 and 2 according to the 

complexity of the optimization problem.  

 The coefficient ( , )n Mβ  reduces the magnitude of the search space at each 

iteration such that the same number of neighbor solutions are distributed within a smaller 

area around the current solution. (Recall that each move is the product of the magnitude 

of the search space along each dimension, a random number from -1 to 1, and α .) For a 

given value of M , a larger n  results in a smaller ( , )n Mβ  reducing the search region 

along each dimension more rapidly. Consequently, TS locates a final solution more 

precisely at the risk of a higher possibility of being trapped in local optima. 

 Since the current solution is the best neighbor of the previous iteration, both 

strategies help TS focus on more attractive areas, exploring them better without 

eliminating the ability to break out of local optima (Lin and Miller, 2001).  
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2.4.2 Diversification Strategies 

 Diversification strategies encourage examining unvisited regions by generating 

solutions significantly different from those searched before (Glover and Laguna, 1997). 

These strategies help ensure that all areas of the search space have been adequately 

explored. A frequency-based tabu list is used to keep track of the search area. When a 

previous solution is revisited, its frequency index will be increased; otherwise, the 

frequency index decreases. When the maximum of the frequency index is larger than a 

predefined threshold (which is equal to the length of the frequency-based tabu list), it 

shows that a region has been explored too frequently and the search process will be 

restarted using a new, randomly generated point. This diversification strategy is similar to 

the restart mechanism used in other stochastic optimization approaches; however, the 

restart is guided by historical information.  

2.5 Termination criterion 

 Because TS is a stochastic optimization approach, global optimality of the final 

solution cannot be guaranteed. In general, the longer the search process, the higher the 

probability of finding good solutions. The maximum time termination criteria has been 

widely used due to the ease of implementation (Patel et al., 1991; Roubos et al., 1999; 

Tayal and Fu, 1999; Wang et al., 1999; Wang et al., 2000). In most cases, this criterion is 

considered effective and practical; however, it risks wasting time in an unproductive 

search. Two primary conditions may cause this behavior. First, a solution very close to 

the global optimum may have already been located. Second, the algorithm may have 

become trapped in a local solution. Thus, termination-on-convergence criteria have been 
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implemented so that the search ceases at an “appropriate” time (Schoen, 1992; Jain et al., 

2001).  

 If the improvement over Γ  generations is no larger than a threshold, δ , continued 

iterations are considered to be ineffective, and the search should be stopped. The 

termination criterion is mathematically expressed as follows: 

 δ<−

Γ−

Γ−

)(
)()(

xf
xfxf

k

kk  (4) 

where 

 M⋅=Γ η  

δ  is the ratio of the change in the value of the objective function, and η  is the fraction of 

the maximum iterations possible over which the change in the objective function is 

compared. The process of determining the ratio will be discussed in section 3. 

2.6 Constraint handling  

 Constraints are involved in almost all chemical engineering optimization 

problems: equality constraints describe the material or energy balance of the system, and 

inequality constraints represent the bounds of process variables. The existence of 

constraints often leads to multiple local optima. In addition, the reduced ratio of the 

feasible region to the search space adds to the difficulty of solving the optimization 

problem. Therefore, it is important to have an effective approach for handling constraints.  

 Several constraint handling techniques have been developed for other stochastic 

optimization algorithms: Simulated Annealing (SA) (Wah and Wang, 1999b, 2000) and 

Genetic Algorithms (GA) (Michalewicz, 1995; Coello Coello, 1999). These approaches 

work by reducing violations after generating neighbor solutions. When applied to TS, 
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these approaches often lead to local optima, which have small constraint violations and 

are far from the global optima as will be shown for a number of examples in section 4. 

Because neighbor solutions are generated by adding changes from the current one, the 

values of independent variables can be assigned either randomly or heuristically. Since 

equality constraints can often be solved explicitly, a direct substitution approach (Edgar et 

al., 2001) can be integrated within the neighbor generation step. 

 For an optimization problem of n independent variables and m equality 

constraints, it is possible to express a set of m variables explicitly and substitute them into 

the original objective function. Then a new objective function with n - m independent 

variables is obtained, which is not subject to any equality constraints. However, the direct 

substitution approach can only successfully be applied when the number of equality 

constraints is small (Edgar et al., 2001).  

 As an alternative to reformulating the objective function directly, the problem can 

be reformulated so the values of only n - m variables are determined by the neighbor 

generation algorithm. The remaining m variables can be determined by solving the 

system of m equations resulting from the equality constraints. Thus, neighbor generation 

using numerical substitution guarantees no violation of the equality constraints.  

 Inequality constraints can be transformed into equality constraints by adding slack 

variables. Therefore, the approach can be extended to problems involving inequality 

constraints. Since this technique guarantees no constraint violations of neighbor 

solutions, it is potentially better than other approaches when knowledge of the system 

being investigated can be effectively utilized for reformulating constraints. 
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3. Recommendation for Parameter Settings 

 Because TS is not deterministic, theoretical analysis of the search behavior is 

challenging. Currently, parameter values are determined either empirically or by time-

consuming trial-and-error experiments (Hinterding et al., 1997). Because parameter 

settings are usually problem dependent: a set of parameters performing well for one 

particular case does not imply good solutions for other problems. In order to assist a user 

in preparing to use TS, a systematic approach and specific guidelines for determining 

parameters have been developed. Our recommendations are based on results of several 

global optimization benchmarks and chemical engineering test cases (Lin, 2002). For any 

given set of parameters, 10 test runs are recommended to determine a base case before 

the parameters are modified. 

3.1 Number of neighbor solutions 

 The total number of solutions that TS visits in the search process is determined by 

the number of neighbor solutions at each iteration, NeighN , and the number of iterations, 

M . These parameters are the most important for controlling the performance of TS. In 

general, the larger NeighN  and M , the higher the probability of locating global solutions. It 

is difficult to find values for them that are effective for all problems. If a large value is 

chosen, the risk of wasting time is higher. 

 Wah and Wang (1999a) determine the number of neighbors generated at each 

temperature for SA according to the number of variables, VarN . For TS, the number of 

neighbor solutions, NeighN , is determined similarly: 

 2
varNN Neigh ⋅= κ  (5) 
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It is preferable to choose a value of κ  according to the number of variables. Thus, our 

recommendation is that κ  be chosen between varN  and var10 N⋅  as an initial setting. 

Starting with 0 var10 Nκ = ⋅ , additional trials can be made with a larger or smaller κ . In 

general, if the results of the 10 test runs are all the same, this means TS has found the 

optimal solution each time. Thus, a smaller κ  may be an effective way to save 

computation time if this system of equations is going to be evaluated multiple times. Ten 

additional tests should be carried out with 0
1 2

κκ = . If the same results are still located 

each time, iκ  is halved again for 10 more runs. In general, when the same solution is 

found for at least 6 out of 10 runs, the value of iκ  is acceptable.  

 If the results of the initial 10 test runs differ significantly from each other, then TS 

is likely not consistently able to locate the global solution. In this case, increasing κ  

should be investigated. When increasing κ , changing by multiples of 2 is recommended. 

The appropriate value of κ  is obtained when the probability of finding the global 

solution is higher than 60% (i.e., 6 out of 10 trials). Finer tuning can be performed later 

for a given problem if optimizing computation time is critical. 

3.2 Number of iterations 

 The maximum number of iterations, M , sets the limit for TS search process. In 

general, M  should provide sufficient opportunity to thoroughly search the solution space. 

A larger M  results in a higher probability of finding good solutions at the cost of a longer 

computation time. In addition, the value of NeighN  also affects the choice for the value of 

M  since the number of functional evaluations is the product of them. If NeighN  is larger, 

M  can be smaller. Since NeighN  is a function of the problem size, a value between 100 and 
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500 is recommended for M . Starting with an initial value of 0 500M = , the solutions 

from 10 test runs should be compared to determine whether additional or fewer iterations 

should be performed. If all 10 solutions are the same, a smaller value may be more 

effective. Another 10 test runs should be carried out with 1 0 100M M= − . If, after this 

change, the probability of locating the global solution is less than 60%, the previous value 

should be used. On the other hand, if a great degree of variability is observed in the 

solutions, a larger number of iterations may be better. In this case, M  should be increased 

by 100 after every 10 runs until more than 6 solutions out of 10 are nearly identical. This 

process of changing M  allows for initial scoping. For a specific problem, additional 

tuning can be performed if computation time is sufficiently important. 

3.3 Length of tabu lists 

 The length of the tabu lists determines how many solutions are forbidden during 

the search process. If the length of tabu lists is small, only a few solution areas are 

forbidden. This saves time in updating and maintaining tabu lists; however, it minimizes 

the advantage of the memory, since TS can only prevent cycling for a limited time and 

may spend a lot of time within areas that have already been visited. Consequently, the 

solution space cannot be sufficiently searched and the probability of being trapped in 

local optima is high. On the other hand, if tabu lists are long, they keep many former 

moves from being revisited. This may also prevent promising areas from being explored 

better, which results in final solutions with low precision. 

 As a starting point, the length of tabu lists should be set equal to the number of 

variables, varN . If cycling in the process of finding solutions is observed in 10 tests, a 

larger value shall be assigned, increasing the length by  var0.25N  and testing for 10 
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additional trials. This should be repeated until cycling is eliminated. If new solutions are 

successively selected as the best neighbor for the initial 10 runs, assigning a smaller value 

to the length of the tabu lists will help enable searching around a specific solution better. 

The length of the tabu lists should be reduced by  var0.25N  for each set of 10 runs, until 

the final solution is consistently found.  

 For small optimization problems, the recency-based tabu list can be sufficiently 

effective to guide the search process; however, for multi-dimension optimization 

problems with many local optima, the frequency-based tabu list will be helpful. Since this 

tabu list tracks the frequency that solution appears in a certain area, it is able to identify 

when the search becomes stuck and then to restart the search. For MINLP problems, the 

superstructure is typically defined as a set of integer and binary variables. The frequency-

based tabu list is typically employed to discern whether TS has focused too much on a 

specific superstructure, thus possibly missing a potentially better solution with a different 

superstructure. The length of the frequency-based tabu lists can be adjusted using the 

approach described previously. 

3.4 Aspiration criterion 

 Two parameters are required for our aspiration criterion based on the sigmoid 

function, σ  and centerk . The value of σ  and centerk  determines how fast the value of the 

sigmoid function increases. Consequently, they play an important role controlling the 

balance between intensification and diversification. A smaller σ  results in a flatter 

sigmoid function indicating that more time will be spent on a diversified search. A 

smaller centerk  results in a higher probability of the aspiration criterion being satisfied, thus 
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intensifying the search. Because TS has other means of intensification, we recommend 

that a flat sigmoid function with a large centerk  be used to favor a diversified search.  

 The recommended range of centerk  is between 0.3 and 0.7. An initial value of 0.5 

should be used for the first 10 test runs. If most solutions are found to be local optima 

(indicated by wide variability of solutions), the value of centerk  should be increased by 0.1 

to increase the amount of diversification during the search.  

 σ  is determined according to the maximum number of iterations, M , so the 

sigmoid function has a similar shape for different values of M . The recommended range 

for σ  is between 
M
5  and 

M
10 . The initial value of σ  should be set at 

M
5 . If results of the 

initial test runs are close, but have too much variation, additional intensification may be 

useful for increasing the precision of solutions. This can be achieved by increasing the 

value of σ  by 
M
1 . Because a large σ  results in a large value of )(ks  when centerkk > , the 

tabu property will be more frequently overridden. Since the values of centerk  and σ  have 

similar effects on the aspiration criterion, only one of them should be adjusted at a time to 

minimize the interaction. 

3.5 Intensification coefficient 

 The rate at which the magnitude of the search space is reduced is controlled by the 

intensification coefficient, β , which is a function of n  and M  and which has a value 

between 0 and 1. A small ),( Mnβ  reduces the search region along each dimension 

rapidly. Consequently, the final search space is much smaller compared with the original 

one. This helps TS locate the global optimum precisely; however, the faster the search 

space reduces, the higher the probability of missing the global solution entirely.  
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 Since the number of iterations, M , is determined by other criteria, the value of β  

is determined by n , which should typically be between 1.0 and 2.0. A value of 1.0 should 

be used initially in the absence of other information. If the results continue to improve 

toward the end of the search process, n  can be increased by 0.25 to accelerate the 

convergence process. If the solutions from 10 test runs indicate premature convergence, a 

smaller value should be assigned to n  and 10 more trials should be performed to 

determine whether decreasing n  by 0.25 is sufficient to eliminate the premature 

convergence. Currently, all variables decrease with the same value of ( , )n Mβ . It is 

possible to assign each variable a different ( , )n Mβ  to achieve better performance; 

however, more parameters would need to be determined. 

3.6 Termination-on-convergence criterion 

 In order to terminate TS based on convergence, the two parameters in Eq. (4) 

must be specified: the fraction of the maximum iterations possible over which the change 

in objective function is compared, η , and the ratio of the change in the value of the 

objective function, δ . Qualitatively, a smaller η  results in larger savings in computation 

time at the cost of a reduced probability of locating the global solution; a larger η  

maintains a high probability of obtaining good solutions at the risk of wasting time. 

Preliminary results on benchmarks show η  should be between 0.3 and 0.5. An initial 

value of 4.0=η  should be used for the first 10 runs. If a large number of iterations are 

observed without the solution improving, η  can be reduced by 0.1; however, if the 

probability of finding good solutions is significantly less than when just running to the 

maximum number of iterations, η  should be increased by 0.1.  
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 Regarding the ratio of the objective function value threshold, δ , a larger value 

will lead to possible premature termination with a larger savings in time. If δ  is small, TS 

may run until the maximum number of iterations is reached as if the termination-on-

convergence criterion did not exist. Therefore, the recommended range is %%5.0 2≤≤ δ . 

Initially, the value of δ  should be set at 1%. If a flat curve is observed for the evolution 

of results, decreasing δ  by 0.25% may be more effective. If the value of the final solution 

is still changing rapidly when TS terminates, δ  should be decreased by 0.25% to reduce 

the risks of premature termination. Since η  and δ  interact, adjusting them separately is 

suggested. 

 Table 1 summarizes the starting point for each parameter. Depending on the 

results obtained over 10 test runs, the parameters should be modified as described above. 

The optimal parameter values for any specific problem will require some trial-and-error 

investigation. These values provide an initial starting point for that investigation. 

4. Constraint handling techniques for TS 

 A number of constraint handling techniques have been reported. The most 

commonly used approach is based on penalty functions, which can be static (Homaifar et 

al., 1994; Deb, 1995), dynamic (Joines and Houck, 1994; Michalewicz and Attia, 1994) 

or adaptive (Bean and Hadj-Alouane, 1992; Hadj-Alouane and Bean, 1997). Since an 

infeasible solution is practically unacceptable, approaches that preserve the feasibility of 

solutions offer some advantages. These approaches include searching along the boundary 

of feasible regions (Michalewicz, 1995) and repair algorithms (Liepins and Potter, 1991). 

Multi-objective techniques (Coello Coello, 2000) and methods based on Lagrange 

multipliers (Wah and Wu, 1999) have also been presented recently. Three constraint 
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handling techniques – Deb’s approach without penalty parameters, Wah’s approach based 

on discrete Lagrange Multipliers, and searching along the boundary of feasible region – 

are integrated with TS and described below. 

4.1 Deb’s approach 

 Because the parameters involved in penalty-based approaches are difficult to 

determine, Deb (2000) has developed an approach that does not require such parameters. 

Solutions are compared and selected according to the following criteria:  

• Any feasible solution is preferable to infeasible solutions. 

• For two feasible solutions, the one with a better objective function value is 

preferred. 

• For two infeasible solutions, the one having a smaller constraint violation is 

preferred. 

Taking the feasibility of a solution into consideration, no penalty coefficients are 

required. For infeasible solutions, the following formula is developed: 
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where maxf  is the value of the worst feasible solution of this generation, )(XiΦ  is the 

magnitude by which the ith constraint is violated, FS  and SS  denote feasible space and 

the solution space, respectively. If no feasible solution exists, maxf  is set to 0. Therefore, 

the values of infeasible solutions depend on not only the degree of constraint violation, 

but also on the objective function of the current generation. All constraints are normalized 

in order to avoid a biased search. The search is directed toward feasible regions by 

preferring feasible solutions to infeasible ones.  
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4.2 Wah’s Approach 

 Wah and Wang (1999a) and Wah and Chen (2000)  describe an approach built on 

the theory of discrete Lagrange multipliers. For a discrete optimization problem, the 

generalized discrete Lagrangian function is:  

 ))(()(),( xHxfxL T
d Φ+= λλ  (7) 

where H  is a continuous transformation function. This approach finds the global optimal 

solution by taking advantage of the discrete saddle points, *)*,( λx , which are defined as 

(assuming minimization): 

 λλλλ ∀∈∀≤≤ *),(*),,(*)*,()*,( xNxxLxLxL ddd  (8) 

It should be pointed out that the approach does not minimize ),( λxLd . The left half of 

equation (8) defines an ascent search in λ  space; the right half defines a descent search in 

x  space. Thus, a saddle point is the equilibrium point between the λ  space and x  space. 

The first-order necessary and sufficient conditions for discrete constrained local minima 

provide the bridge between the global optimal solutions and discrete saddle points (Wah 

and Wu, 1999): 

In discrete space, if function H  is a non-negative (or non-positive) continuous 

function satisfying 0,0)( == xiffxH , then the set of constrained local minima 

is the same as the set of discrete saddle points. 

It is possible to enumerate all discrete saddle points for a discrete optimization problem. 

Since a saddle point is a local minimum, the saddle point with the smallest function value 

has the smallest local minimum, which is actually the global minimum. Thus, global 

optima are found by searching all discrete saddle points. Because the numerical 
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implementation of continuous function with computers is a naturally discrete 

approximation, the idea can be extended to solve continuous optimization problems. 

 Wah’s approach is similar to the penalty approach of constraint handling. The 

penalty term is obtained as the weighted sum of all constraint violations. The value of λ  

increases with the process of optimization, which has the same effect as increasing the 

coefficients of penalty terms. Therefore, Wah’s approach is implemented by adding  

“adaptive” penalty terms to the objective function. 

4.3 Searching along the boundary of feasible region 

 The global optima of constrained optimization problems are often located on the 

boundary of the feasible region. That is, several constraints are active at global optima. It 

is also commonly acknowledged that limiting the size of search space is generally 

beneficial for stochastic optimization methods (Michalewicz et al., 1996). Because 

stochastic optimization approaches have the potential to take advantage of special 

operators, which effectively restrict the search along the boundary of feasible regions, it 

is straightforward to apply this approach to TS. Since the feasible region is partially 

defined by equality constraints, this approach can be implemented directly in the 

neighbor generation step, similar to direct substitution approach previously discussed. 

4.4 Comparison  

 The performance of TS with the three previously mentioned constraint handling 

techniques is compared using the Keane function (Michalewicz and Schoenauer, 1996): 
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The global optimal solution is unknown. The dimension, n , takes the value of 2, 4, 8 and 

10. The number of neighbors is empirically taken as: 

 2
neighN 4 n= ⋅  (10) 

For each combination of n  and neighN , TS performs 100 iterations. The results of 100 test 

runs are shown in Table 2. 

 For the 2 dimensional Keane function, the average of the results using of Wah’s 

approach (-0.29 ± 0.05) is larger than those obtained using Deb’s approach (–0.33 ± 

0.04). Searching along the boundary performs best with an average solution of –0.3650 ± 

0.0001. When the number of dimensions is 8, performance using Wah’s approach (–0.70 

± 0.02) is comparable to that using of Deb’s approach (–0.69 ± 0.02). For all the 

dimensionalities evaluated, searching along the boundary of feasible region finds better 

solutions with smaller standard deviations than either Deb’s and Wah’s approach.  

 There are two constraints in the Keane function: a product constraint, 
1

0.75n
ii

x
=

≥∏  

and a summation constraint, 
1

7.5
n

i
i

x n
=

≤∑ . Together, these define the boundary of the 

feasible region. For the 2 dimensional Keane function, the feasible region is indicated as 

region II (see Figure 6). The left boundary (I) is defined by the product constraint and the 

right boundary (III) by the summation constraint. At the optimal solution, the product 

constraint is active while the summation constraint is not. Thus, it is possible to limit the 

search space to the line defined by the product constraint (the left boundary, I, shown in 
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Figure 6), instead of the whole larger feasible region (II). Since the line is much smaller 

than area II, the approach of searching along the boundary of the feasible region can 

achieve faster convergence. 

 The Keane function is a simple problem and the active constraint at the global 

solution can be determined a priori. Although searching along the feasible region is 

useful for the Keane function, it cannot be easily extended to many other problems. For 

complicated problems, it may not be possible to find the boundary of the feasible region, 

which means that this approach is not always applicable.  

5. Application to Chemical Process Design Problems 

 The effectiveness of TS incorporating the constraint handling and the guidelines 

to adjust parameters are described with several small scale test problems and several  

chemical engineering case studies.  

5.1 Small scale test problems 

Example 1. (Ryoo and Sahinidis, 1995) 

min  6.0
2

6.0
1 *35*35)( xxxf +=  

s. t.  

)3001734()10000(
01500050600

0500050600

32

31

,,,,
xx

xxxx 31

≤
=−+

=+−−
 

This example is an NLP problem with 3 variables and one linear and one nonlinear 

equality constraint. The global optimum is at )100,6667.16,0(*x = and 

f(x*)  189.311627= . A large number of local optima have been reported. 
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Example 2. (Ryoo and Sahinidis, 1995) 

min  1000)7.14(22400 4
2.1

2
9.0

1 ++−⋅+⋅ xxx  

s.t. 
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This example is an NLP problem with 4 variables. The global optimum is 

)0,80,177866.94,0(*=x  and 5194.86624f(x*) = .  

Example 3. (Floudas et al., 1989; Ryoo and Sahinidis, 1995) 

min   2
221 712 xxx +−−  

s.t.  
)3,2()0,0(
022 2

4
1

≤≤
=+−−

x
xx  

The global optimum is )469842.1,7175360(* .x = and -16.738893f(x*) = . 

Example 4. (Floudas et al., 1989; Ryoo and Sahinidis, 1995) 

min  431
6.0

2
6.0

1 346 xxxxx +−−+  

s.t. 
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The global optimal solution of the NLP problem is )0,0,4,333333.1(* =x  with 

-4.514202f(x*) =  

Example 5. (Ryoo and Sahinidis, 1995) 

min   745321 063.036.310035.004.5 xxxxxx −+++  
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s.t.
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The global optimum is  94-1161.3366(x*) f = with 

(
)

* 1728.31046, 16000, 98.133457, 3055.992144, 2000,

90.618812, 94.189777, 10.414796, 2.615609, 149.569330

x =  

Example 6. (Kocis and Grossmann, 1988; Ryoo and Sahinidis, 1995) 

min   yx +2  

s.t.
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The MINLP problem has the global optimum solution of )0,0.1(*}*,{ =yx . The objective 

function value is 2.0)f( =x*, y* . 

Example 7. (Kocis and Grossmann, 1987; Cardoso et al., 1997) 

min   212 xxy ++−  

s.t.
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The global optimum of the MINLP problem is )1,375.0,375.1(}*,,{ 21 =yxx  with 

2.125f(x*) = . 

Example 8. (Kocis and Grossmann, 1988; Ryoo and Sahinidis, 1995; Cardoso et al., 

1997) 

min   32121 5.025.132 yyyxx −+++  

s.t. 
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The MINLP problem has 3 binary and 2 continuous variables. The minimum is 

7.667180f(x*) =  at )1,1,0,210371.1,118034.1(}*,,,,{ 32121 =yyyxx .  

5.2 Experimental results and analysis 

 All calculations were performed on P-III CPU/1Ghz with 1GB RAM running 

Linux, compiled with gcc. 100 trials were made for each test problem.  

 The results are summarized in Table 3. The first column indicates the number of 

solutions within 0.1% of the true global optima; the second column indicates the number 

within 1%. For all 8 examples, final solutions with the default parameters var10N=κ  and 

500=M  have a difference smaller than 1%. TS with different combinations of κ  and M  

were also evaluated and show that computation time can be saved by reducing the values 

of κ  and M  without lowering the probability of locating the global optimum. In all cases 

except for problems 1 and 5, using var10N=κ  and 100=M  provide solutions that are 
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within 0.1% of the global optimum for each run, which implies a time savings of up to 

80% could be achieved using adjusted parameters. The combination of varNκ =  and 

500=M  is sufficiently effective to ensure that solutions with a difference of less than 

0.1% are located for all 100 runs for problems 3, 6 and 7. For problem 8, a smaller 

number of functional evaluations, varNκ =  and 100=M  locates the global optimal solution 

each time. TS performed quite well on all problems except examples 1 and 5. The 

percentage of solutions that have difference larger than 0.1% is 64% and 9% for problem 

1 and 5 respectively.  

 Besides increasing the number of iterations and neighbor solutions, the 

convergence can also be enhanced by adjusting other parameters. For problems 1 and 5, 

the quality of solutions is improved with 500
2

10),(
−

=Mnβ , which reduces the search range 

faster and leads to more precise final solutions. As shown in Table 4, the percentage of 

solutions with difference smaller than 0.1% increased from 36% to 66% for example 1 

and from 91% to 100% for example 5. The precision of the final solution can also be 

improved by adjusting the aspiration criterion parameters to favor an intensified search. 

For problem 1, the probability of locating solutions within 0.1% of the global minimum is 

increased from 66% to 77% by reducing centerk  from 0.5 to 0.3. The increase of σ  from 

500/5  to 500/10  further increases the probability of finding solutions within 0.1% to 

86%. 

 Example 5 has 7 equality constraints and 10 independent variables, resulting in 3 

degrees of freedom. Unfortunately, the last 4 equality constraints are nonlinear. Since it is 

possible to assign a value to at most 3 variables and transform nonlinear equations to 

linear ones, it means that at least one nonlinear equation will still exist. The numerical 
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substitution approach cannot be applied directly in this case; however, decomposition can 

extend its applicability to this problem. The original nonlinear constraints are 

decomposed into two sets: the set I consists of the last 6 equations; set II includes the first 

equation. Since the degrees of freedom is 3, after assigning values to 861 ,, xxx , 6 unknown 

variables, 1097542 ,,,,, xxxxxx , can be obtained by solving a linear set of equations. Then, 

the equality constraints in set II can be solved to obtain 3x .  

5.3 Case studies 

 The parameter settings and adjustment recommendations were also evaluated with 

two small-scale MINLP problems: HEN and pump system synthesis, and a middle-scale 

10sp1 problem. 

Case 1. HEN synthesis problem 

 The HEN synthesis test case adopts the formulation by Yee and Grossmann 

(1991), involving two hot/two cold streams, one hot and one cold utility with two 

temperature intervals. The objective function is the annualized cost, which is expressed as 

the sum of the utility costs, the fixed charges of heat exchangers and an area-based cost 

for each heat exchanger: 
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heat balance at each stage 
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hot and cold utility load 
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Stream data and problem parameters are given in Tables 5 and 6. The global optimal 

solution of the HEN system consists of 6 heat exchangers (see Figure 7) with an annual 

cost of $154,997 (Adjiman et al., 2000).  

 The MINLP formulation defines the superstructure of a HEN with binary 

variables, which is more important in determining the annual cost than continuous 
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variables, such as temperature and heat duty. In addition, a neighbor solution is less 

frequently close to former points in continuous space than in the binary region. Thus, the 

tabu lists only deal with binary variables.  

 This problem has a total of 12 binary variables (8 define the matches between hot 

and cold streams ( ijkz ) and 4 define the matches between streams and utilities). Of these, 

8 of the stream matches are independent; the other 4 binary variables can be determined 

from constraints on the problem. In addition, there are 20 unknown continuous variables: 

12 heat duties (4 for the utilities, 8 for heat exchange between process streams), and 8 

intermediate stream temperatures. During the neighbor generation process, the 8 

independent, inter-stream heat exchanger duties are randomly determined. The heat 

balance equality constraints are used to solve for the 8 intermediate temperatures. The 

utility duties are then directly calculated to meet the required outlet temperatures. Thus, 

the total number of independent variables is 8+8=16 (Lin, 2002). 

 Since the number of independent variables is 16, the default number for κ  is 160. 

Using 500=M , the global optimal solution is located for each trial. (For all test cases, if 

the final result differs less than 0.1% from the global optimum, it is counted as a globally 

optimal solution.) Following the previously described adjustment procedures, κ  is 

reduced to 16 with 500=M . A flat curve is observed when the number of iterations is 

larger than 200, denoting unproductive search. Thus, the termination-on-convergence 

criterion is added to improve the computational effectiveness. As shown in Table 7, TS 

still locates the global optimal solution in 100 out of 100 trials, which is the same as 

when running for the maximum number iterations. When using the termination criteria, 

however, the average number of iterations is only 219, much smaller than the original 
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value of 500. On average, computation time is reduced by more than 40% (64 seconds 

compared with 113 seconds).  

Case 2. Pump system configuration problem 

 This case study is a three level pump system (Westerlund et al., 1994; Hanagandi 

and Nikolaou, 1998; Adjiman et al., 2000). The objective is to determine the most cost-

effective configuration of a pump system that can achieve a specified pressure rise. 

Besides continuous and binary variables, integer variables are involved to describe the 

number of parallel lines at each stage and the number of pumps in each line. The 

nonconvex participation of integer variables leads to a presence of many local minima 

(Floudas et al., 1999).  

The objective function is formulated as follows: 

 ∑
=

∆
+

3

1

'

,,,,,,,
)(min

i
iiiiiizNsNppPwvx

zNsNpPCC  

s.t.  

 1,2,3i0zx ii =≤−  
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i ==∑  

 1,2,3i03zNs ii =≤−  

 1,2,3i03zNp ii =≤−  

 1,2,3i0zVv itoti =≤−  

 1,2,3i0VxNpv totii ==−1  
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 1,2,3i0zww ii =≤− max  
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 1,2,3i0zPP iii =≤− max,  

 1,2,3i0zPp itoti =≤∆−∆  
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where ' 1800iC = , C1=6329.03, C2=2489.31, C3=3367.89, 350totV = , 400totp∆ = , 

max 2950w = .  

 When solving this problem, the constraints are integrated into the neighbor 

generation procedure, which can be summarized as follows:  

1. Since iz  determines the existence of a level (which is the most important 

parameter in defining the structure), the first step of generating a neighbor 

solution is to assign a random value of 0 or 1, to iz .  

2. Two of the three ix  are randomly generated to make sure they sum to 1. The third 

ix  is calculated. 
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3. iNs  and iNp  are randomly assigned a value that satisfies their inequality 

constraints. 

4. The values of iv  and ip∆  are determined by solving the appropriate set of linear 

equality constraints. 

5. The values of iw  are determined by solving each nonlinear equal equality 

constraint individually. 

6. Finally, iP  is calculated from the remaining set of equality constraints. 

For purposes of determining κ , all three iz  are independent variables, and only two ix  

are independent, since they sum to 1. Thus, the number of independent variables is 5 

(Lin, 2002). Consequently, the recommended value of κ  is 50. Using the default 

parameters, the global optima is located in all 100 trials. Thus, κ  is reduced to 10 to 

increase computational efficiency. To prevent losing the opportunity to locate global 

optima, the termination-on-convergence criterion is not initially implemented.  

 The global optimal configuration has an annual cost of $128,894 (see Figure 8). 

As shown in Table 8, TS locates the global optimum 99 times out of 100. The only local 

optimal solution found by TS is shown in Figure 9, with an annual cost of $131,123. The 

termination-on-convergence criterion was also employed to reduce computation time. 

With %40=η  and %1=δ , the global solution is located 92 times out of 100. The local 

optimal solution of $131,123/yr. is located in 4 of the 8 non-globally optimal trials. In the 

other 4 trials which failed to locate the global solution, the global superstructure was 

correctly identified even though the continuous variables were not correctly determined. 

The average number of iterations was reduced significantly from 500 to 265 resulting in 

about a 40% reduction in computation time. 
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Case 3. 10sp1 problem 

 This example is the classic 10sp1 problem (Linnhoff and Flower, 1978; Lewin, 

1998). The objective function is: 
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where 6.0,140 == βα , 852.0=U  (kW/m2•K), 12.18=CUC  ($/kW•yr). Stream data is 

given in Table 9.  

 With a stage-wise formulation and the number of stages as 2, the total number of 

variables is 235. Therefore, this is a middle-scale optimization test case. The results of TS 

compared with literature solutions are summarized in Table 10. 

 Similar to the smaller HEN case study only a fraction of the 235 variables are 

independent, the remainder can be solved via the equality constraints. A total of 100 

variables are independent. Thus, the initial value of κ  is 1000 and the total number of 

neighbor solutions is 107 (according to eq. 5). With 500=M , TS consistently locates an 

optimal solution consisting of 10 heat exchangers (see Figure 10). The final solution is 

$123/yr less than the best solution reported by Lewin et al. (1998). Using a much smaller 

set of parameters, 10=κ  and 500=M , TS can still consistently locate the same solution 

in all 100 tests; thus, the parameters can again be modified to 10=κ  and 100=M . The 

optimal solution of 43,329$/yr is located 68 times out of 100 trials. The suboptimal 

solution with an objective function of 43,350$/yr (as shown in Figure 11) is located 14 

times in 100 trials. Figure 12 shows another suboptimal solution, 43,357$/yr, which was 

reported in 12 runs. With 10=κ  and 100=M , the computation time of each run is only 
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1/500 that of TS with the initial parameter settings, and the optimal solution can still be 

found with a probability of about 70%.  

6. Conclusions 

 This paper presents details for applying TS to chemical engineering optimization 

problems and provides a systematic approach to setting the adjustable parameters. 

Several constraint handling techniques are compared. By taking advantage of problem-

specific information, direct substitution is implemented to handle constraints during the 

process of generating neighbor solutions such that the feasibility of the final solution is 

guaranteed.  

 Problem-specific knowledge helps TS handle constraints effectively; however, the 

incorporation of domain dependent information does reduce the generality of the 

constraint-handling technique. Therefore, the tradeoff between effectiveness and 

generality must be taken into consideration, and the combination with other general 

techniques is necessary in order to build a general constraint handling methodology.  

 The recommended initial settings for the parameters were shown to be appropriate 

with several small test cases. The middle-scale test case shows that the initial parameter 

settings for TS may be overly conservatively; however, they provide good probability of 

locating the global optima. 

 Since TS is a stochastic approach, the parameter settings will always be problem 

dependent. The optimal parameter values may require some adjustment from the starting 

values indicated in this paper. Future work will focus on dynamically adjusting the 

parameters within the algorithm itself. 
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Nomenclature 

Tabu Search algorithm 
)(ks  value of the sigmoid function 

k  current iteration number 
σ  coefficient determining the shape of the sigmoid function 
M maximum number of iterations 

centerk  determines at what fraction of total iterations 5.0)( =ks  
P  random number with uniform distribution 
α  coefficient used to control the change along each dimension 
i  index of the neighbor solution 
θ  oscillation period of α  

NeighN  total number of neighbor solutions generated at each iteration 
n  coefficient determined according to the complexity of problem 

),( Mnβ  dynamic intensification coefficient 
δ  threshold of the ratio of the objective function value  
Γ  threshold of number of iterations in the criterion of termination on 

convergence 
η  ratio of the interval threshold to the total number of iterations 
κ  coefficient to determine the number of neighbor solutions at each iteration 
L length of both tabu lists 

varN  number of variables 

HEN synthesis problems 
Parameters  
 SI set of temperature intervals or stages 
 NS number of stages 
 ST set of temperature locations 
 HP set of hot process streams 
 CP set of cold process streams 
Continuous variables 
 ikT  temperature of hot stream i at the temperature location k 
 jkT  

temperature of cold stream j at the temperature location k 
 ijkQ  

heat changed between hot stream i and cold stream j in stage k 
 iCUQ ,  heat changed between hot stream i and cold utility 
 jHUQ ,  heat changed between cold stream j and hot utility 
 ijkT∆  

temperature approach for the match of hot stream i and cold stream j at 
the temperature location k 

 iCUT ,∆  temperature approach for the match of hot stream i and cold utility 
 jHUT ,∆  temperature approach for the match of cold stream j and hot utility 
Binary variables 
 ijkz  

existence of the match between hot stream i and cold stream j 
 iCUz ,  

existence of the match between hot stream i and cold utility 
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 jHUz ,  
existence of the match between cold stream j and hot utility 

Pump system configuration problem 
Parameters  
 totV  total volumetric flowrate through the network 
 totP∆  prescribed pressure rise 
 maxw  maximum rotation speed of a pump 
 iPmax,  

maximum power requirement for a pump at level i 
Continuous variables 
 ix  fraction of total flow going to level i 
 iv  flowrate on each line at level i 
 iw  rotation speed of all pumps on level i 

 
 iP  power requirement at level i 
 ip∆  pressure rise at level i 
Binary variables 
 iz  existence of level i 
Integer variables 
 iNp  number of parallel lines at level i 
 iNs  number of pumps in series at level i 
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Table 1: Recommendation of bounds and initial values for parameters of TS 

  Parameter κ  M L σ  centerk  ),( Mnβ  η  δ  

  Lower varN  100  var5.0 N
M
5  0.3 M

2

10
−  0.3 0.5% 

  Bound 
  Upper var10 N⋅  500 var2N  

M
10  0.7 M

1

10
−

 0.5 2% 

  Initial value var10 N⋅  500 varN  
M
5  0.5 M

1

10
−  0.4 1% 

Note: do not include the last two parameters until others are set. 
 

Table 2. Solutions of TS with different constraint handling techniques on the 2-dimension 
Keane function 

varN  Deb Wah Searching along the boundary of 
feasible region 

2 -0.33 ± 0.04 -0.29 ± 0.05 -0.3650 ± 0.0001 

4 -0.58 ± 0.05 -0.5 ± 0.1 -0.6221 ± 0.0004 

8 -0.69 ± 0.02 -0.70 ± 0.02 -0.727 ± 0.006 

10 -0.72 ± 0.02 -0.72 ± 0.02 -0.746 ± 0.004 

 

Table 3. Results of 100 TS runs on 8 test problems 
κ  var10 N⋅  var1 N⋅  

M  500 100 500 100 

Test 0.1% 1% 0.1% 1% 0.1% 1% 0.1% 1%
1 36 100 11 100 2 29 0 4 

2 100 100 100 100 0 18 0 2 

3 100 100 100 100 100 100 93 100 

4 100 100 100 100 84 100 46 98 

5 91 100 37 100 31 99 15 71 

6 100 100 100 100 100 100 98 100 

7 100 100 100 100 100 100 92 100 

8 100 100 100 100 100 100 100 100 
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Table 4. Parameter settings for TS of examples 1 and 5 
 Parameter Settings 0.1% 1% 

 500
1

10),(
−

=Mnβ  36 100 

 500
2

10),(
−

=Mnβ  66 100 

 500
2

10),(
−

=Mnβ , centerk =0.3 77 100 
Example 1 

 500
2

10),(
−

=Mnβ , centerk =0.3, 500/10=σ  86 100 

Example 5  
500

2

10
−

=β  100 100 

 

 
Table 5. Stream data for Case 1 

Stream 
inT (K) outT (K) Fcp (kW/K) 

Hot1 650 370 10.0 
Hot2 590 370 20.0 
Cold1 410 650 15.0 
Cold2 350 500 13.0 
Stream 680 680  
Water 300 320  

 

 

Table 6. Parameters for Case 1 
ijCF  $5500 /yr 

CUiCF ,  $5500 /yr 
HUjCF ,  $5500 /yr 

ijC  $150 /yr 
CUiC ,  $150 /yr 

HUjC ,  $150 /yr 

ijU  0.5 kW/m2 K 
CUiU ,  0.5 kW/m2 K 

HUjU ,  0.8333 kW/m2 K 

HUC  $80 /kW.yr 
CUC  $15 /kW.yr 

mappT∆  10 oK 

 
 
Table 7. Solutions to Case 1 (HEN synthesis) with 16=κ  and 500=M  

 
locating the 

global 
optima 

Average 
number of 
iterations 

Average 
objective 

function $/yr. 

Average 
computation 

time (sec) 

Maximum time 100 500 154,997 113 

Termination-on-convergence 
%40=η  and %1=δ  100 219 155,010 64 
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Table 8. Solutions to Case 2 (pump system configuration) with 10=κ  and 500=M  

Termination-on-convergence 
 Maximum number of iterations 

 %40=η , %1=δ  

Global 128,894 $/yr. 99 92 
Local 131,123 $/yr. 1 4 Solution 

Other 0 4 
Average number of iterations 500 265 

Average computation time (sec) 1.29 0.77 
 

Table 9. Stream Data for Case 3 
Stream inT ( K) outT ( K) Fcp (kW/ K ) 
Hot1 433 366 8.79 
Hot2 522 411 10.55 
Hot3 544 422 12.56 
Hot 4 500 339 14.77 
Hot 5 472 339 17.73 
Cold1 355 450 17.28 
Cold2 366 478 13.90 
Cold 3 311 494 8.44 
Cold 4 333 433 7.62 
Cold 5 389 495 6.08 
Stream 509 509  
Water 311 355  
 
Table 10. Solutions to Case 3 (10sp1 problem) with 10=κ  and 100=M  
Method Number of Units Cost ($/yr.) 
Flower and Linnhoff (1978) 10 43,934 
Lewin (1998) 11 43,799 
Lewin et al. (1998) 10 43,452 

Optimum 10 43,329 
suboptimum 1 10 43,350 TS  
suboptimum 2 10 43,357 
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Initialization
Initial solution xo, Best solution x* and Tabu Lists T

Generate set of neighbor solutions

Choose best neighbor x' from set of neighbor 
solutions

x* = x'

Delete x' from set of 
neighbor solutions

Is x' on either tabu list

Is x' is better than x*?

Aspiration 
Criterion 

Satisfied?

 x = x'

Terminate ?

Output x*

Update Tabu Lists

Yes

Yes

Yes

Yes

No

No

No

No

 
 
Figure 1. Flow chart of TS algorithm 
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 A0 A1 A2 A3 A4 

 [ ]yx,   [ ]21.4,82.0   [ ]53.2,41.2    [ ]78.1,01.3   [ ]22.3,50.5   [ ]65.476.6  
 ),( yxf  106 -0.78 -0.74 -1.74 -1.72 

 
Figure 2. Neighbor generation for the 2 dimensional Shekel function  
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 B0 B1 B2 B3 B4 

 [ ]yx,   [ ]22.3,50.5   [ ]94.2,22.0   [ ]64.0,00.2   [ ]23.2,30.4   [ ]62.064.4  
 ),( yxf  -1.74 -0.49 -1.04 -1.10 -0.68 

 
Figure 3. Step 2 of finding solutions for the 2 dimensional Shekel function 
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Figure 4. Frequency-based tabu list according to search history 
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Figure 5. Tabu areas defined based on search process (Recency-based  ; Frequency-
based  ) 
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Figure 6: Feasible region of the 2 dimensions Keane function 
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Figure 7. the global optimal HEN structure of case 1 
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Figure 8. the global optimal pump system configuration of case 2  
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Level 3 

 

Figure 9. A local optimal solution to the pump system of case 2  
 

 

 

 

 
1171.05 887.84 

644.48
1641.60 

385.75 
67.75 

 

 

 736.37

Stage1 

H2 

H3 

H4 

H1 

H5 

C2 

C3 

C4 

C1 

C5 

1142.58

588.93
Stage2

762.00 

 
Figure 10. Optimal solution to the 10sp1 case of $43,329/yr 
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Figure 11. Suboptimal solution to 10sp1 case of $43,350/yr 
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Figure 12. Suboptimal solution to 10sp1 case of $43,357/yr 
 


